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Numerical Simulation of Buoyant Plume Dispersion in a Stratified 
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In the present paper, numerical simulations of  buoyant plume dispersion in a neutral and 
stable atmospheric boundary layer have been carried out. A Lagrangian Stochastic Model 
(LSM) with a Non-Linear  Eddy Viscosity Model (NLEVM) for turbulence is used to generate 
a Reynolds stress field as an input condition of  dispersion simulation. A modified plume-rise 
equation is included in dispersion simulation in order to consider momentum effect in an initial 
stage of plume rise resulting in an improved prediction by comparing with the experimental 
data. The LSM is validated by comparing with the prediction of  an Eulerian Dispersion Model 
(EDM) and by the measured results of  vertical profiles of  mean concentration in the down- 
stream of an elevated source in an atmospheric boundary layer. The LSM predicts accurate 
results especially in the vicinity of  the source where the EDM underestimates the peak 
concentration by 40% due to inherent limitations of  gradient diffusion theory. As a verification 
study, the LSM simulation of  buoyant plume dispersions under a neutral and stable atmospheric 
condition is compared with a wind-tunnel experiment, which shows good qualitative 
agreements. 

Key Words :Buoyan t  Plume Dispersion, Lagrangian Stochastic Model (LSM), Non-Linear  
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1. Introduction 

An accurate prediction of  dispersion behavior 
of  buoyant plume in a stratified atmosphere has a 
close relation to various environmental problems. 
This is because an analytical prediction tool, 
which enables the effect of emission of  atmos- 
pheric pollutants around the emission source to 
be analyzed quantitatively, can contribute signi- 
ficantly to an assessment of  environmental con- 
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ditions. Such a tool would lead to an establish- 
ment of  criteria for environmental impact evalua- 
tion of  facilities emitting various atmospheric 
pollutants and of  atmospheric pollution-related 
policies and regulations. Furthermore, since the 
emission of  atmospheric pollutants from a factory 
zone or an incineration plant directly affects 
health of  local residents, the demand for accurate 
pollution assessment of a local zone is ever 
increasing. 

Factors affecting plume dispersion are emission 
conditions such as buoyancy and momentum of 
the emitted plume, atmospheric wind direction 
and speed, conditions of  thermal stratification, 
terrain and ground structures. Actually, these con- 
ditions should be combined to find complicated 
dispersion patterns. Among them, the buoyancy is 
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a major mechanism dominating a plume motion, 

and it affects plume-rise and dispersion patterns. 
Plume emitted from a stack shows various dis- 
persion behaviors such as looping, coning, fann- 
ing, fumigation and lofting depending upon the 
thermal stratification condition of the atmos- 
phere. Accordingly, a ground-level concentration 
of plume can show a variety of different profiles 
depending upon the stratification condition. Since 
a significant change in temperature and atmos- 
pheric condition can occur during a day, it is 
necessary to include the stratified-atmosphere 
condition in the prediction of plume dispersion. 

Recently, some attempts to carry out numerical 
simulation of plume dispersion using the Lagran- 
gian Stochastic Model (LSM or Lagrangian Dis- 
persion Model; LDM) have been made. The 
Langevin equation used in the LSM for simula- 
tion of a random walk of particles in a turbulent 
flow field has an advantage in representing prop- 
erly the various statistical characteristics of a 
turbulent flow (Thomson, 1987, van Dop et ai., 
1985). Plume dispersion takes place by atmos- 
pheric flow as an advection and dispersion 
medium, and therefore the analysis of the atmos- 
pheric flow field has to precede the prediction of 
plume dispersion. In the prediction of the atmos- 
pheric flow field via, the Reynolds averaged 
Navier-Stokes equation, a proper turbulence mo- 
deling becomes an important factor. As a usual 
practice, the turbulence model had been most 
frequently used in the prediction of an atmos- 
pheric flow. In an effort to improve the turbulence 
modeling, Kim and Patel (2000) proposed a me- 
thod for decomposing actual atmospheric aniso- 
tropic Reynolds stresses by using a non-linear 
eddy viscosity model (NLEVM). They made 
extensive comparative studies of various typical 
turbulent flow models for the atmospheric flow 
passing over a complex terrain, and proposed a 
better method for turbulence modeling. 

In the present study, numerical predictions of 
buoyant plume dispersion in two different cases 
of atmospheric boundary layer i.e. neutral and 
stable cases are made by using the LSM. A non- 
linear eddy viscosity model is applied to the 
Reynolds stresses in the Navier-Stokes equation 

which is used for the numerical simulation of 
buoyant plume dispersion. In order to verify the 
reliability of the numerical model, it is compared 
with the result of the buoyant plume dispersion 
experiment conducted in a thermally stratified 
wind-tunnel by Kim et al. (1997). In addition, a 
modified plume-rise equation is included in the 
LSM in order to account the momentum effect on 
the plume rise in an initial stage. 

2. Numerical Methods 

2.1 Numerical model of  atmospheric flow 
field 

An analysis of the neutral and stable atmos- 
pheric boundary layers is carried out. The energy 
equation is added to account for thermal stra- 
tification effect of an atmospheric flow to the 
method reported in the authors' previous paper 
(Kim and Lee, 1998) which assumed a neutral 
atmospheric boundary layer. The governing equa- 
tions of an incompressible atmospheric flow in 
the thermal stratification are the continuity, mo- 
mentum and energy equations, which are shown 
below with the conventional indices notations : 

U~=O 

(U ,U~)a+p . , / p - ( vU ,  s - u , u j ) a  (1) 
= - 2 e , , o ~ s U h - a ( O -  Oa) gt 

( U ,~ ) . , -  ( v,O.,l ao).,=o 

Here, xt = (x, y, z) represents the right-handed 
Cartesian coordinates with x in the wind direc- 
tion and z in vertically upward direction, U~ and 
u~ the mean velocity and the fluctuation velocity, 
p and v the air density and the kinematic vis- 
cosity, 0 and @a the plume and atmospheric 
temperature, a the adiabatic expansion coeffi- 
cient, and g~=--gg,, the gravitational accelerati- 
on vector and ~o~ the angular velocity vector of 
earth rotation, vt=Cn]~/~ the turbulent eddy 
viscosity, and ae the Prandtl-Schmitt number for 
thermal diffusion. 

In order to integrate the foregoing equations, 
the Reynolds stresses --u~u~ should be modeled 
in terms of the mean velocity gradients. The fre- 
quently used model is the so called k - - e  model 
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which assumes an isotropic turbulence and de- 
fines the Reynolds stresses by 

2 
-- u,u~ = 2vtSo--~k¢~,~ (2) 

where S ,  denotes the mean strain tensor given by 
(U~a+U~.~)/2. The turbulent eddy viscosity is 
obtained from the following turbulence kinetic 
energy (k = u~ud2) and turbulence kinetic ener- 
gy dissipation rate (~) equation : 

(U,k) . , -  ( v ,k . , /  ak)., 

= -- u~u.iSo -- e +  a g t O . , ~  
(3) 

( U,e) . , -  ( v,e.,/ a,) ., 
- -  + tat ~. :-(c,.,.,so 

where ak and a,  are the turbulence constants 
associated with k and e, respectively. 

In all of  the atmospheric flow simulations 
presented here, the numerical methods of  Kim 
and Lee (1998) and Kim and Patel (2000) are 
used with appropriate computational grids, 
terrain roughness and boundary conditions. 

Detering and Etling (1985), Duynkerke (1988) 
applied modified turbulence constants in order to 
consider the effect of  the Coriolis force in the 
numerical simulations of  the neutral and stable 
atmospheric boundary layers. However in the 
present study, the standard k - ¢  turbulence 
model is used since the effect of  the Coriolis force 
is negligible at the lower atmospheric boundary 
layer. The model constants used here are C a =  
0.09, Ct=l .44 ,  C2=1.92, (73=1.0 (unstable) or 
0.2 (stable), ak = 1.0, a e =  1.3, and a0=0.74. 

If  the modeling of  the Reynolds stresses is 
confined to the order of  a linear function of  So, 
the characteristics of  the turbulent flow becomes 
linear and isotropic, and furthermore, if the at- 
mospheric boundary layer is stationary, then, 
So=O except S~3. Therefore, the values of  respec- 
tive directional normal Reynolds stresses should 
be identical i.e. u u  = vv  = w w .  

In reality, even in the stationary atmospheric 
boundary layer, it is well known from the ex- 
perimental result of  Counihan (1975) that the 
following proportion exists between the normal 
Reynolds stresses : 

, / - -~= , / -~= , / -~  = l . 0 0 . s  "0.52 (4) 

In the present investigation, the Reynolds 
stresses are decomposed by using the following 
NLEVM from the method suggested by Kim and 
Patel (2000) : 

2 
- u ~ u j = 2 v , S o - - f k ~ o  

k l 
+ C,v,-[  ( S . S ~ - T S , , S , , ~ .  ) 

+ CHV,¢(fl~S,o+ #.Sk,) 

+ C~C~vt--~SoSkISk, + C v,, C,,ta ,-'~ S ,~ . .~ , .  

Here, ~Ou = ( Ut..i- V~.,)/2 represents the rota- 
tional mean vorticity tensor, C , ~  Cvu represent 
the turbulence constants of  nonlinear stresses 
(Craft, 1997), C ~ C m  correspond to the qua- 
dratic anisotropic normal stress terms, and C t r ~  
C m  represent the cubic terms related to the 
nonlinear stresses caused by streamline curvature 
and rotation. Then, the atmospheric flow field is 
computed using the Reynolds stresses given by 
Eq. (5) and these Reynolds stresses are used as an 
input for the analysis of  plume dispersion. 

It should be noted here that atmospheric flow 
and dispersion simulation are decoupled in the 
present study under the assumption that the 
plume rise would not disturb atmospheric flow 
seriously (Anfossi et al., 1993). 

2.2 Numerical model of plume dispersion 
The LSM is a dispersion model for simulating 

a random turbulent motion of  particles in the 
turbulent flow field under the assumption that the 
plume should be represented as a set of  many 
particles. The plume concentration field is then 
calculated from the stochastic analysis of  the 
distribution of  these panicles. In a three dim- 
ensional space, a position of  plume particles (Xi)  
after a small time step (,~]t) from any time (t) is 
determined by the following equation : 

X , ( t  + Zlt) = X , ( t )  + ( U , + u , + w b & , )  . A t  (6) 
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where Wb represents the buoyant plume-rise ve- 
locity which will be described in detail in Section 
2.3. The turbulent velocity of  a plume particle is 
expressed on the basis of  the Langevin equation 
indicating a random motion of  particles (van 
D o p e t  al., 1985) by 

u,(t + dt) =R,(t) uAt) ~+ (a,r,~+ Tsc~s~) (7) 
• , / i - ~ , ( t )  for i=1, 2, 3 

Here, ~,; represents a random number vector, 

a , . = ~  represents a root-mean-square turbu- 
lent velocity calculated by Eq. (5) and R ~ ( r ) =  
e x p ( - r / T i )  is an autocorrelation function of  
the turbulent flow velocity (ui) under the assump- 
tion that it should be of  an exponential form. In 
the present study, the Lagrangian time scale (T;) 
expressed as a function of  eddy turnover time is 
used to account for anisotropic characteristics of  
turbulence influenced by local topography (Lu, 

1995). 

- 2 as T,.= C'r ~----~-; Cr=0.212 (8) 

In Eq. (7), since a horizontal movement of  
plume particles is dominantly made through 
advection by the mean flow, the turbulent flow 
velocity (u----us) may be assumed negligible. 
However, when the mean flow velocity becomes 
small near the ground, the magnitude of  the 
turbulent flow velocity component being of  the 
same order of  that of  the mean velocity should 
not be ignored, and therefore, it is retained in the 
present analysis of  plume dispersion. The boun- 
dary condition employed in this work is at the 
ground where perfect reflection of  displacement 
and velocity of  a particle are assumed. 

The first term in the right-hand side of  Eq. (7) 
is a term representing reduction of  a particle 
velocity caused by interaction between particles 

and the ambient atmosphere. An initial velocity 
of  collagen particles in the Brownian motion is 
damped by the friction with ambient fluid. The 
second term represents a micro velocity change 
caused by a random motion of  particles. The third 
term represents perturbation of  the vertical turbu- 
lence velocity in the time duration of  z/t. 

2.3 Numerica l  model of  buoyant plume rise 

The 2/3-law plume-rise equation of  Briggs 
(1975) was introduced, as suggested by Anfossi et 
al. (1993), to describe a vertical velocity compo- 
nent of  plume-rise caused by buoyancy and 
momentum. Particularly, the effect of  the initial 
momentum of  plume emitted from a stack was 
fully considered in the present numerical model 
including the condition of  atmospheric stability. 
Such a consideration is useful in validating nu- 
merical results by wind-tunnel experiments. In 
case of  a plume-rise experiment on a laboratory 
scale, a substantial initial plume momentum is 
required in order to prevent the instant scattering 
of  plume right after its emission from a stack. 

The following is an equation for calculating 
the vertical velocity component of  the plume dis- 
persion in which the effect of  the atmospheric 
stability on the plume-rise at the final phase is 
included by a curve fitting of  plume rise equations 
for initial and final phases. 

Zb(t + dt) --Zb(t) 
Wb-- d t  

Zb=Z,[l+2.6-Z(~b )Zts2~i] -uz (9) 

Z t . l l a [  Fb Z-- F,  \l/s - " x * - f - d  ' q  

Here, Z; is a term representing an initial 
plume-rise, U= Ux, Fb the buoyant flux parame- 
ter, and Fm the momentum flux parameter which 

are defined as follows: 

Fb=gw,~(  ~--O,)  / ~ ,  
(lO) 

in which, 7' represents the radius of  stack, we 
the emission velocity of  the plume, Oa, Os the 
absolute temperature of  the atmosphere and the 
plume, respectively, s=ag(OOa/Oz) the stability 
parameter which has a positive value in a stable 
condition and zero in a neutral condition. In 
Eq. (9), the value of  the buoyant entrainment 
coefficient (jg) is taken as 0.6 which was reported 
by Briggs (1975) and the coefficient of  entrain- 
ment caused by the plume momentum (/~') is 
obtained by t~=0.4(i+0.3U/ws) which was 
suggested by Willis and Deardorff (1983). 
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Since plume particles have characteristics of  the 
turbulent flow, and are defined in the form of 

Fg =Fb+FC 
( j = l ,  2,- . . ,  N)  (11) 

F/, =F=  + F *  

where the upper bar means an ensemble average 

in respect of  the number of  particles (N) and the 
prime means a small random fluctuation. As re- 
ported in Anfossi et al. (1993) on wind-tunnel 
measurements, the plume particles are assumed to 
have a random fluctuation with standard devia- 
tion by one-third of  the mean value. 

3. R e s u l t s  and D i s c u s s i o n  

3.1 A n a l y s i s  o f  a t m o s p h e r i c  f l ow  in a neu-  

t ra l  or s t a b l e  condi t ion  

The results of  numerical analysis of  the neutral 
or stable atmospheric boundary layer are vali- 
dated by comparing with the theoretical results 
based on the law of  similarity of  Monin-Obukhov 
(1954), which was often used as a standard of  
comparison in the study on the atmospheric 
boundary layer, and the empirical formula in- 
troduced by Brost and Wynaard (1978) for the 
turbulent eddy viscosity in the stratified atmos- 
pheric boundary layer which is given by 

~,~ z ( 1 ---z  '~l's 
Xu.-~----ff d ] q~*(z/L) (12) 

where X represents the yon Karman coefficient, 
u ,  the friction velocity, d the height of  the 
boundary layer and ~ .  is the similarity function 
of  Monin-Obukhov which is expressed by the 
following empirical formula 

~ ,  ( ,? . /L)= u-~** (~-gU)- - l - I -4 .7~  - (13) 

where L=u2,/(XctgO,) is a length scale of  Mo- 
nin-Obukhov and 0 . = - -  ( zoo J==0)/u.. For the 
stable condition L has a positive value, and for 
the neutral condition, it diverges to infinity. 
Therefore, in the neutral condition, ~ .  converges 
to 1. 

Figure 1 shows the vertical profiles of  mean 
flow velocity and turbulent eddy viscosity in the 
atmospheric boundary layer which are calculated 
for both neutral and stable atmospheric con- 
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Vertical profiles of (a) mean horizontal ve- 
locity and (b) turbulent eddy viscosity in 
neutral and stable atmospheric boundary 
layers (symbols : present computations, lines : 
empirical predictions) 
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Vertical profiles of (a) mean horizontal ve- 
locity and (b) normal Reynolds stresses in 
neutral atmospheric boundary layer (sym- 
bols: measurements, lines: NLEVM predic- 
tions) 

ditions together with those calculated by the 
Monin-Obukhov theory for the mean velocity 
and by Eq. (12) for the eddy viscosity. The results 
of  the numerical simulation are well in agreement 
with the results of  the aforesaid formulas of 
Monin-Obukhov and Brost-Wynaard. 

Figure 2 shows the measured results of  normal 
Reynolds stresses in a stable atmospheric boun- 
dary layer and the calculated results using the 
NLEVM. It is confirmed that the characteristics 
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of an anisotropic turbulent flow in the actual 

atmospheric boundary layer could be simulated 
adequately by the NLEVM. 

3.2 Analysis of plume dispersion in neutral 
atmospheric boundary layer 

Figure 3 is shown to compare the results of  
numerical analysis of  plume dispersion in a neu- 
tral atmospheric boundary layer with the wind- 
tunnel results of  Raupach and Legg (1983) and 
the results of the Eulerian Dispersion Model 
(EDM) of  Kim and Lee (1998). The vertical con- 
centration profiles are shown at the downwind 
distances of  x/Hs=2.5,  7.5, 15 where Hs is the 
height of  an emission source. The plume concen- 
tration is shown in dimensionless values of  

CUHs/Q where C is the concentration, Us the 
uniform horizontal wind velocity in the upstream 
and O the emission rate per unit time at the height 
of  the elevated emission source. 

In Fig. 3, the result of  numerical analysis of 
LSM as indicated in sold lines shows a high 
concentration at x/Hs=2.5 at the emission- 
source elevation in agreement with the measured 
results, while the result of  the EDM in dashed 
lines shows a much lower peak value. This im- 
plies that the LSM is free from the error asso- 
ciated with the gradient diffusion theory (K-the- 
ory) used in the EDM. 

In Fig. 3(b) and (c), ripples are found in the 
concentration profiles predicted by LSM, and it 
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Comparisons of vertical profiles of mean 
concentration from an elevated plume source 
in a neutral atmospheric boundary layer 
(solid lines : LSM, dashed lines : EDM, sym- 
bols : measurements) 

is thought that this is due to insufficient number 
of  particles used in the simulation (20,000 par- 
ticles per secound). Identical to the real disper- 
sion experiments where long-term average is re- 
quired to obtain smoothly averaged concentration 
profiles, LSM simulation also requires enough 
number of  particles and Fig. 3 reflects this fact 
clearly. 

Furthermore, the discretization method of  con- 
vection term in the EDM and the choice of  the 
mesh size can be major source of  such a dis- 
crepancy in the results, while the LSM is in- 
dependent of  numerical grid and discretization 
method in calculating the position of  a plume 
particle and therefore, the LSM is less subject to 
the errors resulting from the theoretical modeling 
of  the plume diffusion and numerical schemes. 

3.3 Analysis of buoyant plume dispersion in 
neutral atmospheric boundary layer 

Figure 4 shows a comparison of  buoyant plume 
rising trajectory in neutral atmospheric boundary 
layer with the experimental results of  Huq and 
Stewart (1996). It shows that the present LSM 
prediction (solid line) for which the modified 
equation i. e. Eq. (9) is used is more adequate in 
comparison with the LSM method of  Briggs 
(dotted line) for the distance of  Z/lb less than 
100. In Fig. 4, lb=Fb/U ~ represents a buoyancy 
length scale. In case of  a high emission rate as in 
a power plant, the rising effect caused by an 
initial momentum of plume can last to the final 
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Comparison of plume mean trajectories (sym- 
bols: experiments, solid line: LSM with the 
modified plume rise equation, dashed line: 
LSM with the original Briggs equation) 
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Fig. 5 

phase in the plume trajectory, and, therefore, the 
modified equation as suggested in the present 
investigation would be a more appropriate tool 
to be used in the prediction of  plume dispersion. 

3.4 Analysis of plume dispersion in stable 
atmospheric boundary layer 

The LSM was applied to numerical simula- 
tions of  buoyant plume dispersion in neutral and 
stable atmospheric boundary layers. The results 
are compared with the visualized results of  the 
plume dispersion experiment conducted in a ther- 
really stratified wind tunnel by Kim et al. (1997). 
They generated an atmospheric boundary layer 
under various stratified atmospheric conditions, 
and thereby observed various dispersion processes 
of  buoyant plume emitted from a stack. The 
comparison given in Fig. 5 shows similar plume 
dispersion behaviors. It can be observed that in 
the neutral atmospheric boundary layer an ideal 
plume dispersion which has a monotonically 
rising behavior with broader dispersion, while 
in the stable atmospheric boundary layer the 
plume-dispersion breadth and the mean plume- 
rising height are found to be much smaller than 
those in the neutral atmospheric boundary layer. 
Such a phenomenon can be explained from the 
fact that a stable temperature gradient (OOa/Oz > 
O) suppress the turbulence and the buoyancy 
growth in plume dispersion resulting in reduc- 
tion of  the plume rising height and the plume 
dispersion breadth. This suggests that if a low 
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Comparison of the ground-level concentra- 
tion by different dispersion models over hilly 
terrain from the elevated line source at hill 
front (solid line: EDM, dotted line: LSM, 
dashed line : LSM by Etling et al., 1986) 

stack emits plumes in a stable atmospheric boun- 
dary layer, there could be a good probability of  
high ground concentration of  air pollutants in the 

path of  plume dispersion. 

3.5 Analysis of plume dispersion over hilly 
terrain 

As a final stage of  the present study, the LSM 
simulation of  plume dispersion over hilly terrain 
is carried out. Kim and Lee (1998) have sim- 
ulated atmospheric flows over hilly terrain and 
showed good agreements from comparisons with 
their wind-tunnel experiments. In the present 
simulation, therefore, the computational result of  
Kim and Lee (1998) is used as a carrier flow field 
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Fig. 7 Distribution of the Lagrangian timescale Ts 
over hilly terrain at the height of emission 
source (solid line: LSM, dashed line: LSM 
by Etling et al., 1986) 

of plume dispersion, and the prediction of the 
present LSM is compared with their EMD result 
for the same situation. 

Figure 6 shows the distributions of ground- 
level concentration (GLC) over a single hill 
where the emission source is located at hill front 
with one-quarter height of hill height, i.e., Hs = 

0.25H. This situation corresponds to dispersion 
in complex terrain ( H a < H ) .  Generally, the res- 
ults of the present LSM and the EDM by Kim and 
Lee (1998) are in good agreement; almost the 
same peak values and identical shape of distribu- 
tion. It is deduced that the phase shiR of GLC 
distribution between two models shown in Fig. 6 
is originated in approximation of point source to 
a finite volume source in the EDM. 

In Fig. 6, it is noted that the result of the LSM 
by Etling et al. (1986) shows noticeable under- 
prediction of GLC in the leeward side of the hill 
compared with the results of the other models. 
Figure 7 shows the comparison of the distri- 
butions of Lagrangian timescales between the 
present LSM and the LSM of Etling et al. (1986). 
It shows that the Lagrangian timescale calculated 
by the present LSM has a dip down at leeside 
slope of the hill but the mixing length model used 
by Etling et al. (1986) does not. In the leeside 
slope, the turbulence intensity increases by the 
velocity deficit in the wake region which implies 
that the Lagrangian time scale should be smaller. 
Thus, the Lagrangian time scale based on Eq. (8) 

is deemed more adequate compared to the method 
of mixing length model in the complex terrain. 

4. Conclusion 

in the present investigation, the plume-rise 
equation is modified so that the plume rising 
effect caused by the initial momentum of plume 
emitted from a stack can be taken into account 
using a Lagrangian stochastic model. The results 
are qualitatively verified by comparing with the 
laboratory experiments which was conducted 
with a high initial emission velocity of plume. 
The atmospheric boundary layer flow in a strati- 
fied atmosphere is calculated by using the aniso- 
tropic Reynolds stresses in the Navier-Stokes 
equation. The flow field thus obtained is used in 
the numerical simulation of buoyant plume dis- 
persion. This method is anticipated to be ex- 
tended to a numerical simulation of buoyant 
plume dispersion in a complex terrain in the 
future, which will be free from undesirable un- 
certainties arising from using an empirical for- 
mula for calculating the turbulent flow charac- 

teristics in atmospheric boundary layer. 
It goes without saying, a continuous improve- 

ment of the numerical model verified quanti- 
tatively by reliable laboratory experiments should 
be carried out in order to provide a reliable pre- 
diction method of atmospheric pollutant disper- 
sion over complex terrain. In the meantime, a 
sample application of the LSM for a single hill 
of mild slope demonstrated and the effectiveness 
of NLEVM to calculate Lagrangian timescale is 
shown. 
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